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ABSTRACT 

The  consistent  directions  of  the  least  squares  estimators  in  a  linear 
model  are  defined  to  be  the  linear  combinations  of  parameter  estimates  that 
are  asymptotically  consistent.  When  the  design  variable  is  univariate  and  the 
regression  function  is  smooth ,  consistent  directions  are  characterised  in 
previous  papers  (Wu,  1980;  Wu  and  Wang,  1982)  in  terms  of  the  convergence 
rates  of  the  design  sequence  to  its  limit  points.  Extensions  of  these  results 
to  multivariate  design  variables  are  considered  in  the  present  paper. 
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SIGNIFICANCE  AND  EXPLANATION 


A  basic  requirement  of  the  least  squares  estimator  in  a  linear  model  is 
that  it  should  be  close  to  the  true  parameter  for  a  large  sample  size.  If 
this  is  not  the  case/  one  would  like  to  know  what  linear  combinations  of  the 
components  of  the  least  squares  estimator  are  close  to  their  counterparts  in 
the  parameter.  In  this  paper  we  study  the  characterization  of  these 
combinations  for  linear  models  with  smooth  regression  functions  and 
multivariate  input  variables. 
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CONSISTENT  DIRECTIONS  OF  THE  LEAST  SQUARES  ESTIMATORS  IN  LINEAR  MODELS 


Song-Gui  Wang*  and  C.  F.  Jeff  Wu 

1.  Introduction 

Consider  a  linear  model 

Z  *  0 1  f  ( x)  +  e  (1.1) 

where  0'  »  (O1,...,0p),  f'(x)  «  (f1(x),...,fp(x)),  f^(x),  j  “  1,...,p,  are  univariate 

functions  of  the  input  vector  x  »  (Xj, .. . »xq) 1 #  the  random  error  e  has  mean  zero, 

2 

variance  a  and  errors  corresponding  to  different  observations  are  uncorrelated  or 

independent.  If  y^  is  observed  at  x^,  i  «  1,...,n,  and  “  ff (^ ), . . . ,f (j^)]  is  of 

full  rank,  the  least  squares  estimator  (LSE)  of  0  is 

£  -  (X'X  rVy,  ,  (1.2) 

^  n  n 

where  -  (y1,...,yn).  It  is  known  that  0  ♦  0  a.s.  (or  in  prob.)  iff  (X^Xn)-1  ♦  0 
when  {e^}”  are  i.i.d.  (or  uncorrelated).  The  strong  consistency  part  was  proved  in  Lai 
et  al.  (1979).  For  recent  results  on  the  consistency  of  LSE,  see  the  references  of  Wu 

_  4  * 

(1980)  and  Wu  and  Wang  (1982).  In  case  (X^Xn)  ♦  0  does  not  hold,  0  is  not  consistent 

for  estimating  the  vector  0.  It  was  observed  in  Wu  ( 1980)  that,  in  this  case,  the  best 

linear  unbiased  estimator  b'O  of  a  linear  cosibination  b '  0  -  f  b.  0.  may  still  be 

1  1  1 

consistent  for  some  vectors  b.  Such  a  vector  b  is  called  a  consistent  direction  of  the 

A 

LSE  0.  The  space  of  consistent  directions  is  defined  as 

S(f)  -  {b  ,  b'(x;xn)_1b  -  b*a  C<5i>£(xi),)"1b  *  0  as  n  +  -}  . 


Chinese  University  of  Science  and  Technology,  Hefei 


Anhui . 


Research  supported  by  the  National  Science  Foundation  Grant  No.  MCS- 790 1846 
and  sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041. 
The  paper  was  completed  while  S.  G.  Wang  was  visiting  the  Department  of 
Statistics,  University  of  Wisconsin-Madison,  on  the  UW  exchange  program  with 
PRC. 


A  general  characterization  of  S(f)  aa  given  in  Wu  (1980).  When  the  input  x  ie 
scalar  (q  «  1  in  (1.1))  and  f  ^  is  any  smooth  function  in  x,  a  sore  refined 
characterization  was  given  in  Wu  and  Wang  (1982)  in  tent  of  the  convergence  rates  of  the 
design  sequence  to  its  limit  points.  More  specifically,  if  a  is  a  limit  point,  i.e., 

m 

there  exists  a  subsequence  xn^  ♦  a  as  i  ♦  ",  and  J  (x^  -  a)21  “  ",  the 

derivative  (a)  is  a  consistent  direction  under  some  smoothness  assumption  on  £(x) 

near  a.  Extension  of  this  result  to  multivariate  input  x  is  nontrivial  because 

different  components  of  the  vectors  x  My  converge  to  their  limit  points  at  different 

'“"i 

rates.  A  simple  special  case  (constant  convergence  rate  for  all  components)  was  considered 
in  Wu  and  Wang  (1982).  The  purpose  of  this  paper  is  to  present  more  general  results  for 
the  multivariate  input  variable  x. 

The  Mthematical  results  developed  in  the  three  papers  My  find  applications  beyond 
the  consistency  of  LSI.  For  the  convenience  of  the  potential  users  of  our  results,  we  will 
give  this  problem  an  equivalent  formulation  that  is  void  of  statistical  jargons. 

A.  Given  a  sequence  of  p  x  1  vectors  characterize  the  subspace 

n  m 

a  -  {b  t  b'(J  S  ♦  0  as  n  ♦  in  tens  of  the  "limiting"  behavior  of  {v^J^. 

B.  If  v4  is  a  smooth  function  of  a  q  x  1  vector  w^,  i.e.  ^  ■  £(^1  and  f 

is  smooth,  characterise  the  aubapace  8  defined  in  A  in  tens  of  the  "limiting"  behavior 
of  the  input  sequence  (w^)  Typically  q  is  much  SMller  than  p. 

Problem  A  was  solved  in  Wu  (1980).  Problem  b  was  solved  for  some  f  functions  and 
input  variables  w  in  Wu  (1980),  Wu  and  Wang  (1982)  and  the  present  paper. 


2.  Main  results 


Before  stating  the  main  results,  we  define  some  notations.  We  assume  that  the  input 
sequence  (x^  is  bounded,  where  xj  -  (xi1( . . .  •  The  less  interesting  case  that 

{xi>1  is  unbounded  can  be  treated  as  in  Wu  (1980).  If  there  exists  an  infinite 
subsequence  n^  such  that  ♦  a  as  i  ♦  «,  we  say  that  a  is  a  limit  point  of 

{x^)1.  Define  N(g,0),  the  O-neighborhood  of  a'  •  (aj, to  be 
{x‘  ”  (x1,...,xq)  s  |x^  -  ajJ  <  6,  i  ■  1,...,q},  and  £^(^,5)  to  be  the  set  of  functions 
with  rth  continuous  partial  derivatives  in  N(a,&).  in  particular,  c°(a, 5)  is  the  set 
of  continuous  functions  in  N(a,d).  Define  f(x)  e  Cr(a,6)  iff  f^tx)  e  cr(a,6)  for 
1  <  i  <  p.  The  little  o-notation  ^  ■  o(vn)  means  lunl/fvnl  *  0  ••  n  ♦ 


Define  ( 


x  -  a)V  -  l  (xt  -  «i)  . 


i-1 


((x  -  a)V]kf(a)  -  ([(x  -  a)V]kf1(ft),,..,t(x  -  a)?]kf  (a))* 


8kf(«) 


“  t  L  <Xji  ‘  V  l*h  '  V  * 

$kWk  Ji  Jk 


(2,1) 


w*[(x  -  a)V)*f(a) 

Tl  ^ 


sA(k,t) 


kl<Xnlt  “  V 


(2.2) 


and 


3rf(%)  / 

S1(r,t,d)  -  w'  l  (x  -a  ) •  •  •  ( x  -a  )  r- — 7773— /UKx  -a  )  ]  ,  (2.3) 

1  t  eA  ni31  j1  "ijr  jr  3V  3xj  /  V  fc 

-r  ■’1  Jr  / 

where  tfc  -  ( j,/...,!^), 

Tk  "  ’  <3V*'V  5  1  *  *  <?'  1  <  m  <  k>  ,  (2.4) 

and  A  is  a  subset  of  Tf,  k  ■  1,...,r. 

Suppose  is  a  partition  of  J  ■  (1,2,... ,q).  Define  a  partition  of  Tr  as 

follows: 


-3- 


Tr1  “  m  «  *r«  Jm  e  u  J2  for  all  a  and  j,  e  J, 

for  at  laaat  on*  a}  ,  (2.5) 

*r2-  (fc,  “  <Jv-.ir>  «  V  3a  e  J2  for  a11  “3  ,  (2.6) 

Tr3  "  “  <31/*«*.jr)  «  TrJ  JB  e  J3  for  at  laaat  one  a)  .  (2.7) 

to  ara  now  la  tha  position  to  stata  tha  aain  theorems. 

Th*or**  1«  I*  £<*>  *  C°(a,4)  for  some  4  >  0,  then  f (a)  is  a  consistent  direction  for 
any  Halt  point  a  of  tha  design  sequence  {x,  }* 

!■  l 

This  follows  iamediately  from  Theorem  2  of  Hu  (1980). 

Theorem  2.  Suppose 

U)  \  *  *  r“,  1  *  *»  *h*t*  ^  -  {xni1'*n12 . *niq>' 

(li)  £(x>  C  C  0  (a, 6)  for  some  4  >  0,  r„  integer, 

(iii)  let  »>•  «  partition  of  the  set  J  -  {1,2,...,q>  satisfying  the  following 

conditions  for  a  fixed  jQ  e  J2 


\i  "  *3 

lia - = - 

l*m  3 

1J0  ,0 


where  o^  *  0,«  for  all  J  «  jj 


J,  '""i). '  *i. 


"V '  *) 


,V’*  °«Si|>  '  ‘Jo1'0’.  1 


tor  r  -  1,  2,  •  •  • ,  rn 


(2.10) 


r-i 

lia  I  l  St(»t,30)  ♦  *i(r,  j0,Trj)  ♦  w'v!r,(a)  |  >  0  (2.11) 

i*m  t-0  ”  0 


for  all  w  with  w’v^  (a)  *  0  where  Si(k,30>,  and  Tr3  are  defined  in 

(2.2),  (2.3)  and  (2.7).  Then  the  vectors 


1 #«#••• #lQ 


xjn  i  “j,  ”  "j  »K.  ...  3x.  '  r 

0  *rCTr2  1  r  ii  Jr 


are  consistent  directions. 

Proof:  According  to  Theorem  1  of  Hu  (1980),  we  only  need  to  prove  that  for  any  fixed 
1  <  r  <  r„ 


I  £x’£<«n  >1 

i-1  i 


•  for  any  w  with  w’v|r*(a)  *  o 


Consider  a  Taylor  series  expansion  of  f(x  )  at  a 

v  VD  v 


£<x  )  -  J  ((x  -  a)V]Kf(a)Al  ♦  [(x  -  a) V) r+1f (E.  )/(r  ♦  1)1 

i  k»0  i  i 


where  £  «  x  +  6(i)(x  -  a),  8U>  -  diag(  0li) , . . . ,  8(  11 ),  0  <  8*1*  <1  for  1  <  j  <  q 

%  1  q  j 


and  all  i.  Thus, 


l  [w-f(*^  ))2-  J  (x  -  a  ): 
i-1  i  1-1  i30  30 


r  -  *>V]  £«•> 

r _ 1 _  _ 


k-0  hi (x  .  -  a .  ) 

nij0  J0 


ruin  - 


(r  +  1)1 (x  .  -  a.  )r 


nijo  Jo 


I  <xn  .  -  «,  >*[  I  st(k,j0)  +  ^(r  +  i,j  )]! 

i-1  i30  ■'0  k-0 


■\%  <XniJo  ’  a30)2rSir  ' 


(2.12) 


where 


Rt(r  +  1 , j ) 


(r  +  DMx„  4  -  a .  ) 


By  assumption  (ii),  there  exists  an  M  >  0,  such  that 


Sup 


a^tx) 


>Mr>  l®xH  ***  8xs 
jOlt**)  ^r+1 


<  M, 


t  -  1,2, 


Pro*  Cauchy* Schwars  inequality,  (2.8)  and  (2.10), 

R^r  ♦  1.10>  4  (constant)!  Kx^  -  a)V]  ^f  ( ^)  l/|xft  j  -  |r  ♦ 
We  decompose  S^r,  j0)  into  two  parts 

8i(r,jjj)  “  si^r'^o,Tr1  U  *r2^  +  ®i^r'lo,Tr3*  * 
Prow  (2.8),  it  is  easy  to  see  that 


0  as  1  ♦  •  . 


si<r«J0'Tr1  u  Tr2>  *  S' 


l 

t  er 


K  »X4 


a*. 


r2 


s*t5r>(t> 


By  assumption  ( 2. 1 1 ) ,  there  exist  NQ 

(2.9,  inplie.  (Xn^-aj,)^-- 

is  proved.  □ 

The  linear  space  spanned  by  v*r* 

30 

fact,  for  any  j1  €  Jj,  j,  #  JQ,  let 


and  f)  >  0  such  that  for  i  >  WQ,  s|r  >  0.  Since 
1  for  any  r  <  rQ,  fro*  (2.12),  the  required  result 

(a),  is  independent  of  the  choice  of  jQ  e  Jj.  in 


*5r,<s>  -  2  «; 

1  $rCTr2  1 


3rf(.) 


•  t»  (g 


jr  ’“J, 


•••  )xJ 


where 


aj  "  i£  (x«ii  "  *J,/(x»iii  '  V'  JeJ2- 


It  is  easy  to  see  that 

v‘r>(a,  -  (a*  )rv‘r,(a,  for  1  <  r  <  r„  . 

31  J0  J0 

Thus  the  two  vectors  span  the  sane  linear  subspace. 

When  Jj  ■  Jj  ■  f,  the  enpty  set,  all  the  components  of  x^  converge  at  the  same 
rate  and  Theorem  2  takes  a  simpler  form. 


Oorollary  1.  Suppose  (i)  and  (ii)  of  Theorem  2  hold  and  for  some  1  <  JQ  <  q 


x  .  -  a. 
n,j  j 

lim - »  a  for  1  <  j  <  q 

\3o  "  *3o  3 


(2.13) 


where  *  0,*, 


l 

1-1 


(Xnii0 


(2.14) 


Then 


[aV]rf(a)  are  consistent  directions  for  r  -  1,2,  ...,rQ 


where 


a  -  (a, . . . ,a  )  and  [«V]rf(a)  -  £ 

~  1  q  .  > 


3rf(a) 


t  «T 


1  3x 

3r  "V 


3x, 


Proof:  It  le  sufficient  to  prove  that  (2.11)  holds  for  the  case  under  consideration.  In 
fact,  since  Tf3  -  ♦  ,  Si(r,j0,Tr3)  -  0,  and 


si(k«V  " 


L  T 


(x  .  -  a.  ) 

nl3 1  j  i 


(x 


Vk  ~  V 


3kf(a) 


(\3o  *  ****  '“ni3° 


-  a.  )  •••  (x 


ni30 


a.  )  3x  •••  3x. 


(x 


.  -  a  ) 

"i30  30 


Sj^Ot.jg)  for  k  -  0,1, 


From  (2.13) 

sI<*.V  *  !«?]*£<«>.  k  “  1'2 . .  ' 

S*(0,j0)  -  f (a)  . 

Let  k0  be  the  first  k  with  w’ [c7]kf(a)  *  0.  From  w' faV)rf(a)  *  0,  we  have 
k„  «  r.  Thus,  the  S2r  in  (2.12)  are  dominated  by  the  leading  term  S^kg.jg),  which  is 
bounded  away  from  zero  as  1  ♦  *.  Therefore  (2.11)  is  satisfied.  d 

Wu  and  Wang  (1982)  gave  a  more  direct  proof  of  Corollary  1. 


♦  and  J2  «  { jQ}  in  Theorem  2,  we  obtain  immediately  the  following 


If  J, 


Corollary . 

Corollary  2.  Under  conditions  (i)  and  (ii)  of  Theorem  2  and  the  following  conditions: 
for  a  fixed  jQ 


where 


Then 


Si  '  *i  '  °<x»iio  "  *io>  for  ail  3  #  3° 


r  2r0 

l  (Si0  -  s’  -  -  ' 


i-1 


’tio 


3rf(  a), 


I  S.Ot.j,,)  +  w*  - — -  >  0 

j.™  k-0 


3rf (a) 


for  all  w  with  w* 


3x! 


3rf(a>  3rf (a)  3rf  (a) 


3xT  3x^  ht* 

30  30  30 


(2.1 


(2.r 


*  0  and  r  ”  1,2,...,rn 


<2.1 


3rf<a) 

- - —  are  consistent  directions  for  r-  1,2,  ...,r„  . 

3XJ 

Jo 

Similarly,  for  *  ♦  and  J2  ■  {j^},  analogous  results  readily  obtain. 

For  Miltiple  regression,  we  only  need  to  consider  a  special  case  of  Theorem  2,  i.e 
r0  “  1.  Two  cases  are  considered  below  as  corollaries. 

Corollary  3.  Suppose  (i),  (ii)  and  (2.8),  (2.9),  (2.10)  of  Theorem  2  for  r„  a  i  hold 


is  a  consistent  direction 


I 

*«2 


From  Corollaries  1  and  2  we  observe  that  (2.11)  holds  automatically  for  rQ  >  1  only 
if  J1  and  J3  are  both  empty.  Such  is  not  the  case  for  rQ  =  1 .  It  is  easy  to  see  that 
if  J3  *  $,  (2.18)  is  automatically  satisfied,  and  thus  the  following  corollary. 

Corollary  4.  Suppose  (i)  and  (ii)  of  Theorem  2  hold  for  rQ  =  1  and 

(iii)  there  exists  a  partition  J1  and  J2  of  the  set  J  =*  {1,2,.  ..,q)  such  that  for  a 
fixed  j„  €  J2, 

0  j  €  J, 

"I  5  «  J2 

where  *  0,»,  and 


x  .  -  a , 

n1  j  j 

lim - = - 

1-m.  x„  j  "  aj 

iJ0  J0 


00 

I 

i=1 


'Slo 


V 


Then 


3f(a) 

P  v 

l  o .  — z -  is  a  consistent  direction. 

j€J2  3  *j 

The  following  theorem  shows  that  by  further  partitioning  J3  into  disjoint  subsets 
more  consistent  directions  will  be  obtained. 

Theorem  3.  Suppose  (i)  and  (ii)  of  Theorem  2  hold,  and  there  exists  a  partition  C J ^ i 
of  the  set  J  »  {l,2,...,q}  satisfying  the  following  conditions: 


(iii)  For  a  fixed  «  J^,  i  -  1,2, 


“njk  "  ®k 


<  i  -  "  °kj,* 

"ijt  jt  1 


for  all  k  €  J. 


'h#r# 

(iv)  For  any  j  €  J^,  k  e  Jt+1,  i  “  1,2,...,h  -  1 

Sj  ‘  *j  “  °<Xnik  ‘  V  ' 

(▼)  There  exists  an  hQ  <  h  such  that  for  h0  <  t  <  h,  there  exists  an  integer  r 


(xntk  ’  V  ’  “  V  >'  k  e  Jh.  j  €  3t  , 


Ji  ‘“"i1  “  V  *  "  *'  j  *  Jt* 


t  >  h0  . 


(vi)  For  h„  <  1  <  h 


r-i  #  . 

Ms  i  I  si<k'ii>  ♦  si(r'VV  +  't*1  >  0 


i*«  k-0 


for  v  with  w 


•v‘r,(a)  *  0,  r  -  1,2,...,r* 
■’t  * 


where  «  <31,...,)r)  e  Tf  for  at  least  one  Jt  c  U  J  }, 


rt  »  »in{rt  *  t  >  t). 


Than  the  vectors 


(r)  r 

*»* <s>  ‘  v-.L  «,  *w  ■"  v»*  \  -  \  • 


t  -  h0,h0  ♦  1,...,h,  r  -  1,2,  ...,r, 


* 


t-1 

Proof i  For  any  fixed  J,,  h-  <  t  <  h  -  1,  j0  €  J,,  we  regard  J,,  j,»  Jk  and 
h  *  u  *  k«  1 

^  )  jfc  as  J2,  )g,  Jt  and  J3,  respectively,  in  Theorem  2.  From  Theorem  2  we 
k-t+1  (r) 

conclude  that  v'  (a)  are  consistent  directions  for  1  -  hQ ,hg  +  1,...,h  -  1,  and 
.  '31 

r  «  1,2,...,rf.  That  v'r,(a)  are  consistent  directions  for  r  «  1,2,...,rg  follows  from 

l  ~3h 

Theorem  2  with  J3  «  4*  D 

By  combining  the  results  in  Theorems  1  and  3  for  each  limit  point  of  the  design 
sequence  and  using  Theorem  2  of  Hu  (  1980 ) ,  we  obtain  the  following  main  theorem. 

Define  L{a^ , . •  •  /*t)  to  be  the  subspace  spanned  by  vectors  a^,...,^. 

Theorem  4.  Suppose  a^,  j  »  1,...,k,  are  k  distinct  limit  points  of  an<^ 

v^(a^),  j  »  1,...,k,  t  -  1,...,tj,  are  the  consistent  directions  obtained  from  Theorem  3, 
then 

k 

S(£)  -  l  h At)  •  B  (f> 
j-1  3  * 


where 


hj(f )  -  Ltfla^,  <"  1.....^),  j  -  1,...,k  , 

k  • 

-  (i  «  (  I  a4<£))A  *  I  tw’ftx^)]2  -  - 
J-1  3  i-1 

k  , 

for  any  w  e  [  £  h.(f)]  and  w'u  *  0}  . 

j-1  3 


There  is  no  loss  of  generality  in  assuming  finite  k  in  Theorem  4  as  was  noted  in  Wu 


and  Hang  (1982) 


3.  Example* 

In  this  section  the  general  results  developed  heretofore  will  be  applied  to  some 

regression  models.  These  examples  show  that  our  conditions  are  easier  to  verify  than  the 

■ore  typical  condition  b’(X'X  )  'b  ♦  0. 

n  n  *■ 

(i)  Multiple  regression 


X  -  +  6 

where  6*  -  t*,,.^,....8  ,),  5’  *  ('.“l . V'1,  ”  ** 


(3.1) 


10 


1, 


For  the  design  sequence  x|  -  ^xi0'xi1' 

1  ”  +  •  •  *  ,a<j-l  ^  *  •  ao  “  '* 

(a)  If  ■  a^  +  i“1/,2#  j  >  1,  Corollary  4  with  «  1,  j  »  1,2, ...,q  -  1, 

r0  -  1,  J.j  ■  {o},  J2  “  { 1,  •  • .  ,q  -  1}  applies.  From  Theorem  1  and  Corollary  4, 


f (a)  -  a,  ^ 

"  ~  j-1  9*j 


(0,1,. ..,1)’  are  consistent  directions. 


(b)  If  x 


11 


a1  +  i 


1/2 


I.  j  “  a.  +  i  ^  ,  j  ?  2.  Partition  J  •  (0, 1 , 2, ...  ,q  •  1 J 

J  he/ *  v 


-  (0, 1,0, . . .,0) •  and 


into  -  {0},  J2  -  {l},  J3  ”  { 2, . . . ,q  -  1}.  Therefore,  a,  . — 

q-1  3|(a)  Xl 

2.  “j“ — ”  (0,0, 1,1,...,  1)'  are  consistent  directions  from  Theorem  1,  Corollaries  3  and 

j-2  j 

4,  respectively. 


(c)  If  xAj  »  aj  +  ,  J  >  1.  It  is  easy  to  verify  that 

Jjj  m  {*) »  1  ”  0,1,2,...,q  -  1,  hQ  -  lq/2],  where  [x)  is  the  largest  integer  less  than 


or  equal  to  x,  and  hQ  are  defined  in  Theorem  3.  Therefore 


3xj 

(ii)  Multiple  polynomial  regression 


jx'  “  “  (0,...,0,1,0,...,0)*,  j  ”  (q/2],...,q,  and  a  are  consistent  directions. 


X  “  Wl)  *  e  (3.2) 

where  f^(x),  j  ”  1,...,p,  are  monomials  in  x  of  degree  less  than  or  equal  to  d.  If 
f^x)  *  f^(x)  for  i  *  j,  then  p  -  (d  +  q)l/(dlql). 

He  will  describe  in  more  detail  the  general  results  to  be  obtained  for  the  following 
quadratic  polynomial  regression  model  in  two  variablesi 

y  “  flg  ♦  ®1x1  +  ®jX2  +  03X1X2  *  ®4X1  *  ®5X2  +  6  (3.3) 

and  limit  point  a  »  (a,,*^'. 


-12- 


(a)  If  x ^  •  a^  +  i  1  <  j  <  q,  Corollary  1  with  -  1f  j  *  and 

3  af<*>  3  92£<S,> 

r„  «  2  applies#  Thus  f(a),  £  — r -  and  J  r — s -  are  consistent  directions  for 

j-1  ®xj  i,j-1 

model  (3. 2).  In  particular,  for  model  (3.3),  the  three  consistent  directions  are 

f  (a)  *  ( 1 , a , , a2, a ,a 2, a2, a 2) '  , 


3f  (a)  3f  (a) 

+  -g-'—  -  (0,1,1,.,  +  a2,  2a,,  2a2)'  , 
2  .  32f(a) 

I  3^-  =  (0,0,0, 2,2.2)  •  . 

i,j-1  i  *j 


(b)  If  x^j  »  a^  +  i-1^2  for  1  <  j  <  jQ  and  “  *j  +  i’1^3  for  jQ  <  j  <  q. 


then  J,  »  {1,2,..., jQ},  J2  -  {jQ  +  1,...,q}  ,  r,  «  r2  ■  1  in  Theorem  3.  Therefore 
jo  3f(a)  q  3f (a) 

f(a),  J  and  l  - are  consistent  directions.  For  model  (3.3)  and 

j-1  *XJ  J-j0+1  *Xj 


j0  -  1,  the  last  two  consistent  directions  are 


9f(a) 

“5x7““  (0,  1,°, a2,  2a,,0) '  , 


3f(a> 

IT  “  (0'0*  1»*,»0,  2a2)'  . 


(c)  If  Xjj  ■  a^  +  i~1/(j+1)#  j  m  i, 2»...,q,  it  is  easy  to  verify  that 

-  {*>.  t  -  1,2,...,q,  h0  -  [a  2  ■],  rt  -  *in{[^-~-^],  and  r^  -  1  for  all 

i  >  h  where  J(,  h  ,  r.  and  r,  are  defined  in  Theorem  3.  Thus  we  know  that 
3g(a)  * 

f(a),  — r - ,  j  «  ((q  +  1)/2],...,q,  are  consistent  directions. 
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